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1 Introduction 



Lie super-bialgebras Q], as the underlying symmetry algebras, play an important role in the integrable structure 
of AdS/CFT correspondence [2]. Similarly, one can consider Poisson-Lie T-dual sigma models on Poisson-Lie 
supergroups [3J. In this way and by considering that there is a universal quantization for Lie super-bialgebras 
[3], one can assign an important role to the classification of Lie super-bialgebras (especially low dimensional 
Lie super-bialgebras) from both physical and mathematical point of view. Until now there are distinguished 
and nonsystematic ways for obtaining low dimensional Lie super-bialgebras (see, for example, [SJ [7]). In 
Ref. [8 , using the adjoint representation of Lie superalgebras, we have given a systematic way for obtaining 
and classification of low dimensional Lie super-bialgebras and applied this method to the classification of two 
and three dimensional Lie super-bialgebras related to indecomposable Lie superalgebras of Ref. [9]. In the 
continuation of that work we tried to classify all Lie superalgebras of Drinfel'd superdoubles of these Lie super- 
bialgebras. Then, we saw Ref. [TO] in which they have tried to do this work for Lie super-bialgebras related 
to two and three dimensional decomposable and indecomposable Lie superalgebras [9]. But unfortunately 
there are some incorrect results in their paper. Firstly, because they use same notation for nonisomorphic Lie 
superalgebras and incorrect automorphism Lie supergroups for some Lie superalgebras so the number of their 
Lie super-bialgebras are incorrect. Secondly, and importantly they use nonstandard basis in determination of 
Lie superalgebras of Drinfel'd superdoubles. For these reasons some of their principal results (theorem 3) are 
incorrect. For obtaining correct results one must use standard basis for Lie superalgebras and superdeterminant 
for isomorphism matrices. Thirdly, their mixed commutation relations are not compatible with ad-invariant 
form < . , . > on T>. For these reasons, we are motivated to write this paper to complete the results of 
Ref. [8] and classify two and three dimensional Lie super-bialgebras related to decomposable Lie superalgebras. 
Furthermore by use of standard basis for Lie superalgebras of Drinfel'd superdoubles we classify all four and six 
dimensional Drinfel'd superdoubles as theorems 1-3. 

The paper is organized as follows. In section two, we review and rewrite correctly the results of Ref. [8] 
about two and three dimensional Lie super-bialgebras; then by obtaining Lie super-bialgebras for decomposable 
Lie superalgebras we complete that work. In section three, we find nonisomorphic four and six dimensional 
Drinfel'd superdoubles by use of standard basis, the results are summarized as three theorems. In appendix 
A we give some notations about supermatrices and supertensors in the standard basis. In appendix B we 
give solutions of super Jacobi and mixed super Jacobi identities for dual Lie superalgebras of decomposable 
Lie superalgebras. The differences between the list of Lie super-bialgebras of Ref. [8] with those of Ref. [10] 
are given in appendix C. In appendix D we give the (anti) commutation relations of four and six dimensional 
Drinfel'd superdoubles. The details of differences between theorem 3 and those of Ref. [10] are given in appendix 
E. Finally, the isomorphism matrices of four and six dimensional Drinfel'd superdoubles are listed in appendix 
F. 



2 Two and three dimensional Lie super-bialgebras 

Let us first review some basic definitions and notations about Lie superalgebras and Lie super-bialgebras (see, 
Refs. [I] and 0). 

Definition 1: A Lie superalgebra g is a graded vector space g = gs © gF with gradings; graders) = 
0, grade(gF) = 1; such that Lie bracket satisfies the super antisymmetric and super Jacobi identities, i.e., in a 
graded basis {Xi} of g if we put [11] 



[Xi,Xj] - f ijXk, 



(1) 



then 



{~iy u+k) r ol f kl + r a f jk + (-i) k(i+i) / Tn w / 1 « = o, 



(2) 



so that 



(3) 
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Note that, in the conventional basis, f B BB and f F BF are real c-numbers and f B FF are pure imaginary c- 
numbers and other components of structure constants f l j k are zero [12) . i.e., we have 

f k i j = 0, if grade(i) + grade(j) ^ grade(k) (mod2). (4) 

Let g be a finite-dimensional Lie superalgebra and g* be its dual vector space and let (. , .) be the canonical 
pairing on g* © g. 

Definition 2: A Lie super-bialgebra structure on a Lie superalgebra g is a super skew-symmetric linear map 
5 : g — > g ® g (the super cocommutator) so that pQ 

1) 6 is a super one-cocycle, i.e. 

6([X,Y]) = (ad x <g> / + I <g> ad x )8{Y) - {-l)\ x ^(ad Y © / + I © ad Y )8{X) VX, Y e g, (5) 

where |X|(|F|) indicates the grading of X(Y); 

2) the dual map t 8 : g* © g* — > g* is a Lie superbracket on g*, i.e., 

(Z®r,,5(X)) = ( t 5(Z®r 1 ),X) = ([Z,r)UX) VIeg; (,r,eg*. (6) 
The Lie super-bialgebra defined in this way will be indicated by (g, g*) or (g, <5). 

Proposition 1: Let (g, 5) be a Lie super-bialgebra. There exists a unique Lie superalgebra structures with 
the following commutation relations on the vector space g © g such that g and g* are Lie superalgebras and 
the natural scalar product on g © g is invariant 

[x,y] v = [x,y], [x,(] v = -(-l) M ^ad\x + ad* x £, [tvh = K,?y]g* Vx,?/eg; £,776 g*, (7) 

where 

< ad x y , £>= -(-l^Hfl < y , ad* x £ >, (8) 

< ad^r] , x > = -(-l)lfN < v , ad\x > . (9) 
The Lie superalgebra T> = g © g is called Drinfel'd superdouble. 

Proposition 2: If there exists an automorphism A of g such that 

S' = (A®A)oSoA-\ (10) 

then the super one-cocycles 8 and 6' of the Lie superalgebra g are equivalent. In this case the two Lie super- 
bialgebras (g, S) and (g, 5') are equivalent (as in the bosonic case [T3"]V 

Definition 3: A Manin super triple [1] is a triple of Lie superalgebras (2?, g, g) together with a non-degenerate 
ad-invariant super symmetric bilinear form < . , . > on £>, such that 

1) g and g are Lie sub-superalgebras of V, 

2) V = g © g as a supervector space, 

3) g and g are isotropic with respect to < . , . >, i.e., 

< X t , Xj > = < X\ X j > = 0, 5i j = < X u X j > = (-l)tf <X\Xi>= (-l) ij S j i, (11) 

where {Xi} and {X 1 } are basis of Lie superalgebras g and g, respectively. Note that in the above relation & i 
is the ordinary delta function. There is a one-to-one correspondence between Lie super-bialgebra (g,g*) and 
Manin super triple (£>, g, g) with g* = g pQ. If we choose the structure constants of Lie superalgebras g and g 
as 

[Xi,X s ] = f k ^X k , [X\ X j ] = ~f\X k , (12) 

then ad-invariance of the bilinear form < . , . > on D = g © g implies that 

[Xi,&] = (-iyf\x k + {-iyp kl x k . (13) 
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Clearly, using the Eqs. (6), (11) and (12) we have 

5(X i ) = (-iy k f k i X j ®X k . (14) 

note that the appearance of (— iy k in this relation is due to the definition of natural inner product between 
g®gand g*® g* as (X 4 ® X^X k ® X t ) = {-1)^6^6^. 

As a result, if we apply this relation in the super one-cocycle condition (5), super Jacobi identities (2) for the 
dual Lie superalgabra and the following mixed super Jacobi identities are obtained: 

fm fil fi rml i rl rim , ( i \jl ci 2ral , / i \ik A j-im /i r\ 

J jkJ m — J mkJ j "+" J jmJ fc + l L ) JjmJ k'\ L ) JmkJ y \ 10 ) 

This relation can also be obtained from super Jacobi identity of T>. In Ref. [8] we find and classify all two and 
three dimensional Lie super-bialgebras for all two and three dimensional indecomposable Lie superalgebras of 
Ref. f9] . The method of classification is new and indeed it is improvement and generalization of the method 
of Ref. [14] to the Lie superalgebras. Note that in Ref. [15] unfortunately there is not standard and logically 
method for obtaining of low dimensional Lie bialgebras. In this method by use of adjoint representation for 
super Jacobi and mixed super Jacobi identities (2) and (15) we write these relations in the matrix form and solve 
them for finding dual Lie superalgebras by direct calculation; then by use of automorphism Lie supergroups of 
Lie superalgebras we classify all non isomorphic two and three dimensional Lie super-bialgebras |8j. Here the 
list of two and three dimensional indecomposable Lie superalgebras [9] and their related Lie super-bialgebras 
[8] are given in table 1 and tables 4, 5 and 6, respectively; note that as we use DeWitt notation and standard 
basis here, the structure constants Cp F must be pure imaginary. Furthermore in this section we consider 
decomposable Lie superalgebras as in the following table 2 and obtain related Lie super-bialgebras by use of 
the method mentioned in Ref. [5]. 



Table 1 : Two and three dimensional indecomposable Lie superalgebras (Ref. 16J ) . 



Type 


g 




Bosonic 
basis 


Formionic 
basis 


Non-zero 
relations 


(anti)commutation 


Comments 


(bl) 


B 




Xi 


x 2 


[Xi,X 2 ] = 


= x 2 


Trivial 




(Ai.i - 




Xi 


x 2 


{X 2 ,X 2 } 


= iX x 


Nontrivial 


(2,1) 


Cp 




Xl,X2 


x 3 


[Xi,X 2 ] = 


= X 2 , [Xi,X 3 ] =pX 3 


p jt 0, Trivial 




c\ 

2 




Xl,X2 


x 3 


[Xi,X 2 ] = 


= X2, [Xi,X 3 ] = ^X3, {X3,X$} = iX2 


Nontrivial 


(1,2) 


r 2 




Xx 


X2, X3 


[Xi,X 2 ] = 


= X 2 , [Xi,X 3 ] = P X 3 


< \p\ < 1, Trivial 




c 3 




Xi 


X2, X3 


[Xi,X 3 ] = 


= x 2 


Nilpotent, Trivial 




c 4 




Xi 


X2, X3 


[Xi,X 2 ] = 


= X 2 , [Xi , X3] = X2 + X3 


Trivial 




cj 




Xi 


X2, X3 


[Xi,X 2 ] = 


= P X 2 - X 3 , [Xi,X 3 ] = x 2 + P X 3 


p > 0, Trivial 




{M,i - 


V2A) 1 


Xi 


X2, X3 


{X 2 ,X 2 } 


= iX 1 , {X 3 ,X 3 } = iX 1 


Nilpotent, Nontrivial 




{Ai,i - 


V2A) 2 


Xi 


X2, X3 


{X 2 ,X 2 } 


= iXi, {X 3 ,X 3 } = -iXi 


Nilpotent, Nontrivial 



Table 2 : Three dimensional decomposable Lie superalgebras. 



Type 


g 




Bosonic 
basis 


Fcrmionic 
basis 


Non-zero (anti) commutation 
relations 


Comments 


(2,1) 


(B + 


^1,1) 


Xi,X2 


x 3 


[Xi , Xi] = X3 


Solvable, Trivial 






1 + A) = (Ai.i + A) e Aifi 


Xl,X2 


x 3 


{X 3 ,X s } = iX 1 


Nilpotent, Nontrivial 




cl = 




Xl,X2 


x 3 


[Xl,X2] = X2 


Solvable, Trivial 


(1,2) 


cl = 


C% =0 = B®A ,i 


Xi 


X2,X 3 


[Xl,X2] = X2 


Solvable, Trivial 




(^1,1 


+ 2A)° = (Ai.i + A) ffi A ,i 


Xi 


X2,X3 


{X 2 ,X 2 } = iXi 


Nilpotent, Nontrivial 
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Note that as discussed above, for this purpose we need automorphism Lie supergroups of these Lie superal- 
gebras where we have obtained and listed in the following table 3. 



Table 3: Automorphism Lie supergroups of the two and three dimensional 
decomposable Lie superalgebras. 

g Automorphism Lie supergroups Comments 

1 a 0~ 

(B + Ai.i) ( 6 | ft,ce»-{0},oG» 

0c 

a 2 

(2Ai,i+A) ( c 6 | a,o G 5K - {0} , c G 5R 

0a 

1 a 

C*,5 ( b ) b, c G 5R - {0} , a G 5ft 

0c 

10 

C| ( a ) a, 6 G 5R - {0} 

6 

a 2 

(A M +2A)° ( a 6 ) a, c G 5R — {0}, 6 G 5R 

0c 

The solutions of super Jacobi and mixed super Jacobi identities and isomorphism matrices C related to these 
decomposable Lie superalgebras are listed in appendix B. The related Lie super-bialgebras are listed in tables 
4 and 6. Note that in tables 4-6, /( TOi „) represent the Abelian Lie superalgebras with m(n) bosonic(fermionic) 
generators. 

Table 4: Three dimensional Lie super-bialgebras of the type (2 ,1). 
g g Non-zero (anti) commutation relations of g Comments 

(2A M + A) 7^ ' _ _ ~~ ' " " 

(B + A M ) J (2jl) 





(B + A\ 


,!)■< 


[x 2 ,x 3 ] = x 3 










(2A M + 




{X 3 ,X 3 } = jX 1 










(2A M + 


A).i 


{X 3 ,X 3 } = -iX 1 










7 (2,1) 








p G 5ft 






(2A M + 


A) 


{X 3 ,X 3 } = iX 1 




p G 5R 






(2A M + 


A).i 


{X 3 ,X 3 } = -iX 1 




p G 5ft 






(2A M + 


- A).ii 


{X 3 ,X 3 } = iX 2 




p=h 






Cl p .i 




[X 1 ,X 2 ]=X 1 , [X 2 ,X 3 ] = 


pX 3 


p G 5ft 




cl 


C 0,k 




[X 1 ,^ 2 ] =feX 2 




h G 5R- 


{0} 


c\ 

2 


7 (2,1) 














C$.*| 


i 

3 


[X 1 ,X 2 ]=X 1 , [X 2 ,X 3 ] = 


IX 3 








Ci.«| 


1 

2 


[X 1 ,X 2 ] = -X 1 , [X 2 ,X 3 ] 


= -ix 3 








2 




[X 1 ,X 2 ]=X 1 , [X 2 ,X 3 ] = 


-|X 3 , {X 3 ,X 3 } = iX 1 








2 




[X 1 ,X 2 ] = -X 1 , [X 2 ,X 3 ] 


= ±X 3 , {X 3 ,X s } = -iX 1 












[X 1 ,^ 2 ] =fcX 2 , [X\X 3 ] = 


§X 3 , {X 3 ,X 3 } = ikX 2 


h G 5K- 


{0} 
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Table 5 : Two dimensional Lie super-bialgebras of the type (1,1). 

g g (Anti) Commutation relations of g 

(Ai,i+A) J (M) 

B 1(1,1) 

(Ai,i + A) {X 2 ,X 2 } = iX 1 

(A M +A).j {X 2 ,X 2 } = -iX 1 

Table 6: Three dimensional Lie super-bialgebras of the type (1 ,2). where e = ±1. 
g g Comments 

{Ai,i+2A)° i0>e 
(Ai,i+2A)l fi)e 
(Ai,i+2A)l _ e 

C P '(1,2) 

-1<P<1 (Ai,i+2A)l 0>0 , (Ai,i+2A)° 0fiie , (A M +2A)° £ie 

(A 1A +2A)\ ke -Kk<l 

(Ai,i+2A)g ili0 , (Ai,i+2A)2 1>0 , (Ai,i+2A)2 le , (A M +2A) 2 fc _ e fc e K 

C 3 '(1,2) 

(Ai,i+2A)0 0i0 , (A M +2A)8 i0il 
(Ai,i + 2A)\ fie 

{Ai,i+2A)\ efi , (A h i+2A)l 0> _ e 

C 4 '(1,2) 

(Ai,i + 2A)% >0 , (A!,! + 2A)° Q>£ 

(Ai,i + 2A)l >01 , (A 1 , 1 + 2A) 1 s0 _ 1 0<k, s<0 

(Ai,i + 2A)g j£)0 , (A M +2 J 4)| i01 , (Ai,i +2A)2 >0 _ 1 k < 0, 0<s 

C| '(1,2) 

p>0 (A,l+2A)g i0i6 

(A M +2A)i 01 , (A 1 ,i+2A)J j0j _ 1 0<fc, s<0 

(Ai,i + 2A)| >0jl , (Ai,i+2A)2 0j _ 1 fc<0, 0<s 

(Ai,! + 2A)° 7 (lj2) 
(A M +2A) 1 / {li2) 

(A 1 , 1 +2A) 2 J (1|2) 

For three dimensional dual Lie superalgebras LAi,i + 2A)° ~ , (A^i + 2A)* o and (A14 + 2A) 2 )/3 
which are isomorphic with (Ai 1 + 2A)°, {A\,\ + 2A) 1 and + 2A) 2 , respectively, we have the following 

anticommutation relations: 

{X 2 ,X 2 } = iaX 1 , {X 2 , 1 3 } = {i" 3 ,X 3 } = ^X 1 , 0,^,76 3?. (16) 

Note that these Lie superalgebras are non isomorphic and they differ in the bound of their parameters. The 
details of differences between these lists with lists of Ref. [TU] are given in appendix C. These differences cause 
the differences between our theorem 3 with that of Ref. [IU] ■ 
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3 Four and six dimensional Drinfel'd superdoubles 



Here we consider how many of four and six dimensional Lie superalgebras T> of Drinfel'd superdoubles D 
where related respectively to 4 two dimensional and 70 three dimensional |17j Lie super-bialgebras of tables 
4-6 are isomorphic. Indeed here we classify Lie superalgebras £>; but for simply connected Lie supergroups 
D this classification is equivalent to the classification of Drinfel'd superdoubles D. Furthermore for each Lie 
superalgebra T> with Lie super-bialgebras (g, g) there is other decomposition (g, g) as their dual which must be 
considered. Now we consider the Manin super triple (V, g, g) with the commutation relations (12) and (13) for 
the Lie superalgebra T>. In general for writing these commutation relations in the standard basis for T> we must 
first omit the i coefficient from these relations, then by use of {Ti, ...,T m+ m} bosonic and {T m+ f n+ i, ...,T n+ ?t} 
fcrmionic basis for T> — g m +„ © gm+s we write the (anti) commutation relations for T> in the standard basis 
by multiply the i to the fermion-fermion anticommutation relations coefficients. In this way we write the 
(anti)commutation relations of all four and six dimensional Drinfel'd superdoubles [these are given in appendix 
D]. Now we use the fact that two Lie superalgebras V = Vq + Vjr and T> = T> g + V jr are isomorphic if 
there are isomorphism between £>g — > T> g and T>jr — > T> jr. This means that in the standard basis there are 
block diagonal isomorphism matrix C between T> and T> such that its superdeterminant [see appendix A for 
definition of superdeterminant] is non zero and satisfy in the following relation [8] 



(-1) 



KL+M.J 



/N 



M 
N ' 



(17) 



where (Y M ) kl = —F M kl ar e the adjoint representations and F M kl are the structure constants of Lie 
superalgebra T> in the standard basis {T 1; T„ + ^}, (L, M, K = 1, n + fi) and the indices K and L correspond 
to the row and column of matrix Y M , respectively, and J denotes the column of matrix C st [here superscript 
st stands for supertranspose] . In this way we classify all four and six dimensional Drinfeld's superdoubles. We 
perform this work by use of MAPLE 10 program. The results are written as the following three theorems. The 
isomorphism matrices are given in appendix B. Note that the Drinfeld's superdoubles related for Manin super 
triple (V , g( 

m,n) i &(m,n) 

) are shown as T>sd( 

Theorem 1: Every jour dimensional Drinfeld's superdoubles of the type (2,2) belongs to the one of the 
following 3 classes and allows decomposition into all Lie super-bialgebras listed in the class and their duals. 

2^(2,2) : ( / (l,l)> i (l,l))' 

Vsd 2 {22) : ((Ai,i+A),I (M) ), 

Vsd 3 {2 2) : (B, J (lil) ), (b,(Ai,i + A)), (b, (Al,i+ A).i). 

Theorem 2: Every six dimensional Drinfeld's superdoubles of the type (4,2) belongs to the one of the 
following 9 classes and allows decomposition into all Lie super-bialgebras listed in the class and their duals. 



Vsd\ i 2) : 
Vsd^ 4 2 ^ : 
Vsdf 4 2) : 
Dsd 4 {4 P = Q 
Vsd\ A P 2] : 
Vsd\ i 2) : 
Vsd®^ : 
Vsd\ i 2) : 

"TW 8 k . 



•f(2, 1)^(2,1) 



(2Ai,i +.4), / { 2,i)), 

(B + Ai,i), I(2,i)), ((B + Ai A ),(B + Ai A ).i), (B,(2Ai,i+A)), (b, (2A m + A).i) , 



Cp =0 , 1(2,1) 



Cl,,I(2,i)), (Cl p , I(2,i)), (ci,Cl p .i), (c'p, (2Ai,i + A)) , (c]„(2Ai,i+A).i), P eK-{0}, 
Ci =0 , (2Ai,i + A)), (Ci =0 , (2Ai,i + A).i), 

cl,cl k ), fce»-{o}, 

C{, 1,2,1)), (c 1 _ i ,(2A 1 ,i +A).ii), (c\,C 1 __ 1 .i), (c\,C 1 __ 1 .ii), (c\,C\.i), (c\,C\.u), 

2 / \ P— 2 / V 2 P ~ 2 ' ^ 2 P ~ 2^^2 2^^2 2^ 

c\ , C\ ) , fees- {o}. 
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Theorem 3: Every six dimensional Drinfeld's superdoubles of the type (2,4) belongs to the one of the 
following 13 classes and allows decomposition into all Lie super-bialgebras listed in the class and their duals. 

Vsd (2,4) '■ (1(1,2), 1(1,2)), 

Vsd\ 2i) : (cg,(A M +2A)g i0jei ), (cg,(Ai,i +2A)2 2ie2 , e2 ), (c 2 , (A M + 2^^) , (c 2 , (A M + 2A) 2 l£4 ) , 
(cg,(Ai,i+2A)2 5iSi _ £5 ), seS, -Kfe<l, ei,.-- ,£ B = ±1, 

Vsd 3 (2 P =° : (c o 2 ,(A M +2A)° i00 ), (CI(A 1A+ 2A)? W) ), (c 2 , (A M + 2A) 2 2 (c 2 , J (1>2) ) , ei>ea = ±1, 

Vsd^ 1 : (c?,(Ai,i +2A)g i0iei ), (c?,(Ai,i +2A)J 2j0ie!1 ), (c 2 , (A M + 2A) 2 3A _ £3 ), (c 2 = _i, (A M + 2A)° ifii0 ) , 
(c* = _ 1 ,(A ltl +2A)% te5 ), (c^ = _ 1 ,(A ltl +2A)l 6 k=0 e6 ), (c 2 ^, (A M + 2A) 2 7jS=0i _ E7 ) , (c 2 , / (1 , 2) ) , 

(C p 2 =_i,'(i,2))> ei,--- , e7 = ±l, 

Vsd %% ' (cl,{Ai,i +2A)° li0i0 ), (ci pl (Ai,i +2A)° 2i0i0 ), (c?,(Ai,i +2A)8 i0ies ), (c 2 , (A M + 2A)? 4 , e4 , e4 ) , 
(C p 2 ,(A 1 , 1 +2A)i 5ifc e5 ), (cg,(A 1 , 1 +2A)g ili0 ), (c 2 ,(A 1 , 1 +2A) 2 6il ), (c 2 , (A M + 2A) 2 l e7 ) 
(c p 2 ,(A 1 , 1 +2 J 4) 2 8iSi _ e8 ), (cg,J (1 , 2) ), P 6(-l,l)-{0}, 
s £ 5ft, -1 < fc < 1, ei,--- ,es = ±1, 

Ds^ 2 4) : (c 3 ,(A M +2A)% i0 ), (c 3 ,(A 1 , 1 +2A) 2 e ), (c 3 , J (lj2) ) , ((A M + 2A) 2 , / (1 , 2) ) , e = ±1, 

2?«df 2i4) : (c 3 ,(.4 1 , 1 +2 J 4);» i0il ), (c 3 ,(A 1 , 1 +2A) e 1 ii0iei ), (c\ (A M + 2A) 2 2i0 __ E2 ), 6i,6 2 = ±l, 

©S^ 2>4) : (c 4 ,(A M +2A)0 li0i0 ), (C 4 ,^!,! +2A)g i0ie2 ), (c 4 , (A M + 2A)^ 0j£3 ), (c 4 , (A M + 2A) 2 , 

(c 4 ,(A M +2A) 2 j£5i0 ), (c? = _ 1) (Ai,i+2A)0, ieaiea ), (c 2 = _!,(Ai,i +2A)J 7feE7 ), (c 2 ^, (A M + 2A) 2 10 ) , 

(c 2 = _ 1 ,(A 1 , 1 +2A) 2 8ilj0 ), (c? = _ 1) (A lll +2A)g ilie9 ), (c 2 = _ 1 ,(A 1 , 1 +2A) 2 i0iSi _ £io ), (c 4 ,/ (1 , 2) ), 

fee (-1,1)- {0}, s€5R-{0}, ei,--- ,£io = ±1, 
m > i/ €3 = 1; n > if €4 = —1; 

m < i/ £3 = — 1, n < if 64 = 1, 

Vsd 7 {2 P =° : (c 5 ,(Ai,i +2A)8 i0 , ei ), (c 5 ,(Ai,i +2A)i 0e2 ), (c 5 , (A M + 2A) 2 Ae3 ), 

fc>0 i/e 2 = l; s > 0, s ^ 1 i/ e 3 = -1; 

fc<0 i/e 2 = -l, s < 0, s ^ -1 i/e 3 = l, 

Vsd\ 2 v A) : (c|,(Ai,i+2A)8 ei ), (c|,(Ai,i+2A)i e2 ), (c|, (A M + 2A) 2 e3 ), (c* J (1 , 2) ), p > 0, 

fc>0 if €2 = 1; s>0 if€z = -l; 

fc<0 i/e 2 = -l, s < if € 3 = 1, 

Vsdf 2 i) : (cl,(A 1 , 1 +2A)l 0! _ 1 ), (c 5 ,(Ai,i+2A) 2 ljM ), (c 5 , J (lj2) ) , 

Vsd\ 2A) : ((Ai,i+2A)V(i,2)), 

Vsd]° A) : (( J 4i,i+2A) 1 ,/ ( i, 2) ). 
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4 Conclusion 



We classify two and three dimensional Lie super-bialgebras obtained from decomposable Lie superalgebras. We 
also classified all four and six dimensional Drinfel'd superdoubles as three theorems. Using this classification 
one can investigate Poisson-Lie T plurality of sigma models over Lie supergroups. Obtaining the modular spaces 
of these Drinfel'd superdoubles is the other open problem. 
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Appendix A: Some notations about supermatrices and supertensors 

In this appendix, We consider the standard basis for the supervector spaces so that in writing the basis as a 
column matrix, we first present the bosonic base and then the fermionic one. The transformation of standard 
basis and its dual basis can be written as follows: 

e' i =(-iyK i ^e j , e ri = K- Sti je j , 

where the transformation matrix K has the following block diagonal representation |12j 



K 



A 


C 


D 


B 



(18) 



where A, B and C are real submatrices and D is pure imaginary sub-matrix |12j . Here we consider the matrix 
and tensors having a form with all upper and lower indices written in the right hand side. 

1. The transformation properties of upper and lower right indices to the left one for general tensors are as 
follows: 



irp k 

J-jl. 



rpik 



rpik 

J J Z... 



(-iy th 



i k 



(19) 



2. For supertransposition we have 

L st \ 



(-1)«V. L 1 =(-1)" L% h 



M% = M ju M st ij = {-iy j M ji 

3. For superdeterminant we have 

sdet 



A 


C 


D 


B 



when det B ^ and 
when det A^O. 



sdet 



A 


C 


D 


B 



det(A — CB~ D)(detB)~ 



= (det(B - DA^C))- 1 (detA) 



(20) 



(21) 



(22) 



Appendix B: Solutions of super Jacobi and mixed super Jacobi identities (sJ — msJ) for dual 
of decomposable Lie superalgebras and isomorphism matrices C 

1. Solutions of (sJ — msJ) for dual Lie superalgebras of (B + A\^\) are 

i) p% =a, 

ii) p\ =i/3, /3 e ft. 
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Isomorphism matrix C between solution (i) and (B + Ai.i) is as follows: 

(Cll C12 C13 \ 
C21 , ci2,C2i,c 3 3 e SR-{0}; cue 3?, 
C 33 / 

where C12 = 755- and by imposing that C must be the transformation matrix (18), we then have 
i 3 

For solution (ii) we have isomorphism matrix between this solution and (2Ai ; i + A) as follows: 

/ en \ 

C = c 2 i c 22 , cii,C22,c 3 3 e 3?- {0}; C21 e 5R, 



where en = — jc 3 3 2 / 3 ^ and by imposing that C must be the transformation matrix, we then have 031,032 = 0. 
2. Solutions of (sJ — msJ) for dual Lie superalgebras of Cq are 



i) 


/ 12 =a, / 12 2 = /3, 


a,0 e 3?, 


ii) 


/ 12 i=7, 


7 e 3ft, 


Hi) 




<5 g 3?. 



Isomorphism matrix C between solution (i) and (Cq) is as follows: 

(Cll C12 C13 \ 
C21 c 22 , c 33 e3£-{0}; C11C22 ^ C21C12, 
c 33 / 

f 12 c f 12 —1 

where c 2 i = 75^022,012 — "ii 2 2 — an d by imposing that C must be the transformation matrix, we then 
j 2 / 1 

have C13 = 0. Isomorphism matrix in the solution (ii) is a special case of the above isomorphism matrix and for 
solution (iii) we have sdetC = 0. 

3. Solutions of (sJ — msJ) for dual Lie superalgebras of (p e 3?) are 



i) 


n 


= a, P% = pa, 


p 


G 3ft, 




ii) 


n 


= n = p, 


p 


= 1, 




iii) 


n 


= h, 


p 


e 3ft, 




iv) 


n 


= i\ Pi = iV 


p 


1 

2' 


A, r\ e 3?, 


v) 


n 


=m, / 23 3 = -f, n=™ 


p 


1 

2 





For solutions i) and ii) we have sdetC = 0. For solution iii) isomorphism matrix between this solution and 
(2^1 + A) is as follows: 



Cll 








C21 


C22 





C31 


C32 


C33 



C = c 2 i c 22 J, cn,C22,c 3 3 e 3?- {0}; c 2 i e 3?, 

V c 31 C 32 C33 J 

where c n = — ic 33 2 f 3 \ and by imposing that C must be the transformation matrix, we then have c 3 i,c 3 2 = 0. 
For solution iv) isomorphism matrix between this solution and (2Ai ; i + A) is as follows: 

(cn C12 \ 
C21 c 22 J, c 33 e 3? - {0}; C11C22 ^ C21C21, 
C31 c 32 C33 J 

where cn = —ic 33 2 f 33 1} C12 = — «c 3 3 2 / 3 2 and by imposing that C must be the transformation matrix, we then 
have c 3 i, c 32 = 0. 
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For solution v) isomorphism matrix between (C*, (2Ai i + A)) is the same of isomorphism matrix in the 
solution iii) with the same of conditions. 

4. Solutions of (sJ — msJ) for dual Lie superalgebras of C\ , C 2 (—1 < p < 1), C 3 , C 4 and Cj (p > 0) are 

P\=ia, f 2 \=H3, f 3 \=n, a,/3, 7 G5R. 

For the above set of solutions we have the following isomorphism matrices which map C 2 ,Cp,C 3 ,C 4 and 
Cl into (A M + 2A)° 

/ en 

Cl = C 2 i C 2 2 C 23 |, Cii,C22,C 33 e {0}; c 23 G 5ft, 

\ c 3 i c 33 

where en = -«c 22 2 / 2 i an d / 2 i = / 33 i = 0. 

/ cu 

C 2 = C 2 1 C 2 2 C 23 |, ChG5R-{0}; C22C33 ^ C23C32, 

\ C31 C32 C33 

where f 33 = » c n c 32 2 ^23 _ _£33 i33 „ n( j ^22 _ tc 33 \2 j33 
1 (C22C33— C23C32) 2 ' J 1 c 32 ■< 1 ■> 1 \ C32 / J 1 * 

/ c u \ 

>n c 22 c 23 , Cxi, c 2 3, C32 G 5ft — {0}; c 2 2 G 5ft, 
>31 c 32 / 

where f 3 \ = ^, P\ = f 2 \ = 0. 

Imposing that Ci,C2 and C3 must be the transformation matrices, we have 021,031 = 0. 



Appendix C: The details of differences between the lists of Lie super-bialgebras of Ref. [8] 
with Ref. [TO] 



g of Ref. [8] g of Ref. [10] 











Al2 


-1 <p < 1 


(^1,1 " 






iV 12 | 5=0 




(-Ai.i - 


1- 2^)8,0,. 




iJ 15 = 




- 


H^)S,i,i 




12 «1= = 2 = 1 
fc = l 




- 


h2A)i 1> _ 


1,-1 


Not exist 




(^i,i - 




0<Js<l 


x/ 1 «1="!2 








0<fc<l 




(^1,1 - 




-Kfc<0 


Not exist 




Not exist 


















- 




£ lfc>0 


»r£l,fc,e2 

12 l«l = -2 




{AiA ~ 




C \k<0 


Not exist 




- 


^ 2 A)o,i,o 




^0,1,0 




(Ai,i - 






li \s=l 




- 






JV i 2 U=i 
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Continued 



g g of Ref. g] g of Rof. [TO] 

G\ /(i,2) ^12 

(^i,i+2A)° , e ^°< e 
(A 1 , 1 +2A) e 1 



(A M + 2A)* 



0<fc<l 



r e,0,e 



^2 ivM-i 



(A i , 1 +2A)f j0> _ 1 
(Ai,i + 2A) 2 _ 10 Not exist 



1,0,0 
12 

0,0,1 



C* 3 I(l, 2 ) Al 2 

(Ai,i+2A)? i0j0 JN 

(A 1 , 1 +2A)g j0jl ^ 

(A lil+ 2A)i iM ^2 0,1 U=1 

(Ai,i + 2A)L 10j _ 1 Not exist 

(Ax,! + 2A)l €fi N^>° 

(A M +2A) 2 _ W ^2 0,1 | e= _ 

(Ai,i + 2A)f _ 1 Not exist 

C 4 / (1 , 2 ) Al2 

i\ r e,0,0 



(Ai,i+2A)° 0i0 

)o,0,e 

(A lll +2A)J 



(A 1 , 1 +2A)° 0ie <i°' e | fc=0 



"12 U = i 

fc>0 

(A lll +2A)i j0j _ 1 ^iT' 6 ,^, 

fc<0 

2 ]\T k >°' e 



I , = 1 
fc<0 



(A 1 , 1 + 2A)2 _ 1 ^i fc 2°' e U= _ 



fe>0 

(Ax,! + 2A)l €fi N^'° 

Cp 1(1,2) Al2 

P>0 (Ai,i+2A)° 0>£ <2°' e u=0 
(A lil+ 2A)i A1|n _ j=i 



0<fc<l 



(Ai,i + 2A)l q x Not exist 

' 1 I /s > 1 

(A lll+ 2< 0] _ 1| _ i 

-Kfc<0 

(Ai,i + 2A)l _ 1| Not exist 

(Ax,! + 2A)L 1 , ,-i N^ 1 ' '- 1 
{A 1 , 1 + 2A)l ^ 

1<k<{ > -Kk<0 

(Ai,i + 2A) 2 . Q j Not exist 

' ' I fc< — 1 

(A lll+ 2A)2 JV*j°.« 

' ' l0<s<l 1 e — — 1 

- 0<fc<l 



(Ai,i + 2A)^ _ 1| Not exist 

Note that in Ref. [10] Cp =0 and C^ = _ x appear because of incorrect automorphism supergroups. 
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Appendix D: Four and six dimensional Drinfel'd superdoubles (anti)commutation relations 



1. (Anti) Commutation relations for Lie superalgebras V of the type (2, 2) 
2> = Be/ ( i,i) : 

[T U T 3 ] = T 3 , [Ti, T 4 ] = T 4 , {T 3 , T 4 } = -iT 2 . 

[T 3 ,T 2 ] = -T 4 , {T 3 ,T 3 } = iTi. 

D = Bffi(i u +i) : 

[Ti,T 3 ]=T 3) [Ti,T 4 ] = -T 3 -T 4 , {T 3 ,T 4 } = -iT 2 , {T 4 ,T 4 } = *T 2 . 

2? = B©(Ai,i + A).i : 

[T U T 3 ]=T 3 , [T 1 ,T i ]=T 3 -T i , {T 3 , T 4 } = -*T 2 , {T 4 , T 4 } - -*T 2 . 

2. (Anti) Commutation relations for Lie superalgebras V of the type (4, 2) 

2> = (2Ai,i + 4) 8 J(2,i) : 

[T 5 ,T 3 ] = -T 6 , {T B ,T B }=*Ti. 

2> = (B + i4i,i)e/(2,i) : 

[Ti,T 6 ] = T 5 , [Ti, T 6 ] - -T 6 , {T 5 , T 6 } = -iT 3 . 

V = Cl® 7 (24) : p E 

Pi , T 2 ] = T 2 , [Ti , Ti] = -T^ [Ti ,T 5 ]=pT 5 , 

[Ti,T 6 ] = -pT 6 , [T 2 ,Ti\ = T 3 , {T 5 ,T 6 } = -ipT 3 . 

V = C\® 7 (2i i) : 

[Ti,T 2 ]=T 2 , [T l ,Ti] = -Ti, [T U T 6 ] = %T 6 , [Ti,T 6 ] = -±T 6 , 
[T 2 ,T 4 ]=T 3 , [T 5 ,T 4 ] = -T 6 , {T 5 ,T 5 } = *T 2 , {T 5 , T 6 } = -|T 3 . 

2? = (S + Ai >1 )e(B + Ai,i).i : 

Pi, T B ] - T 5 , [Ti, T 6 ] - -T 6 , [T 4 , T 6 ] = T 6 , 

[T 6 , T 4 ] = T 5 , {T 5 ,T 6 } = iT 2 - iT 3 . 

V = (B + A hl ) ® (2A hl + A) : 

[T 1: T 5 }=T 5 , [Ti,T 6 ] = -T 5 -T 6 , {T 5 , T 6 } = -iT 3 , {T 6 , T e } = iT 3 . 

V = (B + A 1A ) ® (2A 1A + A).i : 

[Ti, T 5 ] = T 5 , [Ti, T 6 ] = T 5 - T 6 , {T 5 , T 6 } = -iT 3 , {T 6 , T 6 } = -iT 3 . 
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Cl © (2Ai,i + A) : p g 5ft 



;ti,t 2 

7i,T 6 

c*( 

Ti,T 2 
Ti,T 6 

C 1 , 
[7i,T 2 
T 2 ,T 4 



C^ C^ip.i '. 



p 



Ti,T 2 
T 3 ,T 4 



2 

Ti,T« 

cl © 

2 

;ti,t 2 
;ti,t 6 

[7k, ?4 

cl © 

2 

Ti,T« 
7k, T, 

Cl © 

2 



72, 

fcT 4 , 



= T 2 , 

= -T 5 -pT 6 , 
2Ai,i+A)i: pe3f? 



= 32, 

= T 5 



[T 1 ,T i ] = -T A , 
[T 2 ,T 4 ] = -kT 1 +T 3 . 

[Ti,T 4 ] = -r 4 , 

{T 5 ,T 6 } = -zpT 3 , 

[Ti,T 4 ] = -T 4 , 
{75,7(3} = -^T 3 , 



[T 2 ,T 3 ] =fcT 2 , 



[T 1 ,T 5 }=pT 5 , 
{T e ,T 6 } = iT 3 . 

[T 1 ,T 5 ]=pT 5 , 
{T 6 ,T 6 } = -iT 3 . 



[T 2 ,T 4 ]=T 3 , 



[72, T 4 



> (2Ai,i + 

= 72, 
= 73, 



[T 1; T 4 ] = -T 4 , 
[T 2 ,T 6 ] = -T 5 , 



[7i,7k] = |T 5 , 
{T 5 ,T 6 } = 



> J 3, 



[7i,T 6 ] — -|76, 
{T 6 ,T 6 } = zT 4 . 



p e 5ft 



= 7,, 



pi,T 3 ] =T 2) 
[T 2 ,T 4 ]=T 3) 
{T 5 ,T e } = i P T 2 - i P T 3 . 



[Ti , T 4 ] = -Ti - T 4 , [Ti , T 5 ] = pT 5 , 
[T 3 ,T 4 ]=T 3 , [T 4 ,T 6 ]=pT 6 , 



C 1 



= 72, 



, .i : 



-o76, 



*6, 



c 1 



= _ 376, 

= - T 6 , 



Cl .z 



-7k - iT 6) 



- 2 7k — T e , 



Cl.ii : 

2 

= 72, 

= T 5 ~ ±T 6 , 



±5, J 4 J = o J 5 — J6, 



[Ti,T 3 ]=T 2) 
[T 2 ,T 4 ]=T 3 , 
{T 5 ,T 5 } = 2r 2 , 



[T U T 3 ] = -T 2 , 
[T 2 ,T 4 ]=T 3 , 
{T 5 ,T 5 } = iT 2 , 



[7i,T 3 ] =T 2 , 
[T 2 ,T 4 ] =T 3 , 
{7 , 5 ,T 5 } = iT 2 , 

[T 1; T 3 ] = -T 2 , 
[T 2 ,T 4 ]=T 3 , 

{T5,r 5 } = ir 2 , 



[ri,T 4 ] = -Ti-r 4) 

[T 3 ,T 4 ]=T 3 , 
{r 5 ,7 1 6 } = fT 2 -|T 3 . 

[Ti,T 4 ]=Ti-T 4) 
[T 3 ,T 4 ] = -T 3 , 

{r 5 ,r 6 } = -ir 2 -ir 3 . 

[Ti,T 4 ] = -Ti-T 4) 
[T 3 ,T 4 ]=T 3 , 

{r 5 ,r 6 } = -ir 2 -|T 3 , 



[T 4 ,T 6 ] = j- 



[7i,T 5 ] = |T 5 , 
[7k, T 6 ] = -^T 6 , 



2 75, 



[7i,T 5 ] 
[7k, Tg] = — I T 6 , 
{76, T 6 } = zT 3 . 



[r 1 ,T 4 ]=T 1 -T 4 , [71,7k] = ±T 5 , 

[73,7k] = — T3, [7k, T 6 ] = iT 6 , 

{r 5 ,T 6 }-§T 2 -|T 3 , {T 6 ,T 6 } = -iT 3 . 
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V = C\®C\ k : fcG5R-{0} 

[T 1; T 2 ]=T 2 , [T^T^-Tk, [T 1; T 5 ] = ±T 5 , [T U T 6 ] = -\T 6 , 

[T 2 ,T 6 ] = -kT 5 , [T 2 ,T 4 ]=-kT 1+ T 3 , [T 3 ,T 4 ] = fcT 4 , [T 3 ,T 6 ] = §T 6 , 

[T 2 ,T 3 ] = fcT 2 , [T 5 ,T 3 ] = §T 5 , [T 5 ,T 4 ] = -T 6 , {T 5 ,T 5 } = zT 2 , 

m, T 6 } = f Ti - |T 3 , {T 6 , T 6 } = zfcT 4 . 

3. (Anti) Commutation relations for Lie superalgebras V of the type (2,4). Note that G a /3j is one of the dual 
Lie superalgebras (A M + 2A)° a<0 7 , (A M + 2A)* ^ or (A M + 2A) 2 ^ r 

^ = C p 2 ©e Q ,^ 7 : p£[-l,l] 

Pi, T 3 ] = T 3 , [Ti, T 4 ] = pT 4 , {T 4 , T 6 } = -z P T 2 , [T 1; T 5 ] = -«T 3 - /3T 4 - T 5 , 

{T 3 , T 5 } = -iT 2 , {T 5 , T 5 } = iaT 2 , {T 5 ,T e } = i/3T 2 , [T lt T 6 ] = - 7 T 4 - f3T 3 - P T 6 , 
{T 6 ,T 6 } = i~/T 2 . 

v = c 3 ® g aS „ : 

Pi, T 4 ] = T 3 , {T 4 ,T 5 } = -iT 2 , {T 5 ,T 5 } = iaT 2 , [Ti,T 6 ] = -aT 3 - /?T 4 - T 6) 

{T 5 , T 6 } - i#T 2) {T 6 , T 6 } = i7 T 2 , [Ti, T 6 ] - -0T 3 - 7 T 4 . 

x> = c 4 e G a # n ■■ 

[T U T 4 }=T 3 + T 4 , [T 1 ,T 3 ]=T 3 , {T 3 , T 5 } = -iT 2 , [T U T 5 ] = -aT 3 - f3T 4 - T 5 - T 6) 

{T 4 ,T 5 } = -zT 2 , {T 4 ,T 6 } = -iT 2 , {T 5 ,T 5 } = iaT 2 , [T 1; T 6 ] = - 7 T 4 - /9T 3 - T 6 , 

{T 5 , T 6 } = ^T 2 , {T e , T e } = ijT 2 . 

v = c b p ® g aS „ : p>0 

[T ll T 3 ]= P T 3 -T 4 , {T 3 ,T 5 } = -i P T 2 , {T 3l T 6 } = iT 2 , [T lt T B ] = -aT 3 - /3T 4 - pT h - T 6 , 

[T u T 4 }=T 3 +pT 4 , {T 4 ,T 5 } = -zT 2 , {T 4 , T 6 } = -ipT 2) [T\, T 6 ] = - 7 T 4 - /3T 3 - pT 6 + T 5 , 
{T 5 , T 5 } = iaT 2 , {T 5 , T 6 } - if3T 2 , {T 6 , T 6 } = z 7 T 2 . 

V= (A hl + 2A)° ®I (1 , 2) : 

[T 3 ,T 2 ] = -T 6 , ^3^3} = *^. 

D = (A M +2A) 1 e/(i, 2) : 

[T 3 ,T 2 ] = -T 5 , [T 4 ,T 2 ] = -T 6 , {T 3 ,T 3 } = iT 1; {T 4 ,T 4 } = iT 1 . 

V = (A hl + 2Af (B /(i, 2 ) : 

[T 3 ,T 2 ] = -T 5 , [T 4 ,T 2 ]=T 6 , {r 3 ,T 3 } = iT 1; {T 4 , T 4 } - -iT x . 
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Appendix E: Comparison of theorem 3 with those of Ref. 

1. Comparison of T>sd 3 2 ^ with DD(i .2)1 Ip '■ 

to 7AD (1)2) /J P the Drmfel'd superdoubles (c%, (A ltl +2A)\_ lt _- s ) * (cgl^a 1 ' -1 ' -1 ), (Cp, (Ai,i + 2A)l >k 
- ( C 'p\ N i2 k "' ! \_ 1<k<0 ) and (Cp: (^i,i + 2 ^)e, s ,-e| <0 ) do not exist - 0n the other hand ' in T>s( ^{2% the Drinfel'd 
superdouble fcg I^V^^ | fc>1 ) - ( c $,( A i,i + 2A )l,k,t\. > ) does not exist - 

2. Comparison of Dsd 3 ^^ 1 with DD(i 2 )Hi ■ 

lnDD ih2) Ih the Drinfel'd superdoubles (cf , (A hl +2A) 2 _ 1 Q J , (c£ = _i, (A!,i+2A)° 0)0 ) and (c£L_i, (Ai >r 
2A)l_i o -l ) do n °t exist. 



3. There are not differences between Vsd 3 ^^ with DD^ 2 )Ho- 

4. There are not differences between T>sd^ 2 ^ with DD(i 2 )IH ■ 

5. Comparison of Vsd® 2 ^ with DD^. 2 )IV : 

In DD {h2) IV the Drinfel'd superdoubles (c^, (A M +2A)°_ , fe=_i, (^i,i + 2A) 2 10 Y (cf 



p=— l ' 
do not exist. 



(^+ 2A W 1<fc<0 )> (^=-i,(Ai + 2A)^ fe ,_ 1|o<fe<i ) and (c^_ lf +2A)». f _ eu J 
On the other hand, in T)sd 6 (2 i} the Drinfel'd superdouble (c% = _ 1 \Nl 2 kA w> J = (Cp=_i, (Ai,i + ^)\, k ,i 1 



does not exist. 



6. Comparison of Psd, 2 ^ with DD(i , 2 )V P : 

In L>L» ( i, 2) Vp the Drinfel'd superdoubles (c%, (A M + 2A)J |0il| ), (c* (A X) i + 2 J A)J i0j _ 1| J, (<7| , 
+ 2A) 2 Si 0)1| and f(7|, (A M + 2A)2 _ 1| ^ J do not exist. 

7. Comparison of Dsd® 2 4 j with -D-D(i 2 )Vo : 

In DD(i,2)Vb the Drinfel'd superdoubles u7o, (Ai,i + 2A)i _i) do not exist. 

8. Comparison of Vsd^ 2 ^ with DD^ ^VI : 

In DD(i j2 )VI the Drinfel'd superdoubles (eg, (A u + 2A)°_ 1 _ x _i), (eg, (A^ + 2A)i fe i ^ J and (eg , 
+ 2A)l s _ E | ^ do not exist. On the other hand, in Vsd^ 2 ^ the Drinfel'd superdouble ^Cq 



(Ai_i + 2A)\ k J does not exist. 



ist. 



9. Comparison of Vsd^ 2 4 n with DD( X , 2 )VII : 

In DD (1 . 2) VII the Drinfel'd superdoubles ((J 3 , (A M + 2A)^_ 1)0 _ 1 ) and (c 3 , (A M + 2A)? )0 _^ do not ex- 



10. Comparison of Vsd 7 (7 p ,7° with DD (1 2) VIII : 



l (2A) WiU1 -^"^(1,2) ' 

In DD (h2) VIII the Drinfel'd superdoubles (CfJ, (A M + 2A)£ >0)1 J, (eg, (A M + 2A)g )0 (c£ , 

(A M +2A)i A _ lu J, (cl(A hl + 2A)l 0A{3<i ) and (<7 5 , (Ax,! + 2A)% o,_i u>0 ) 



do not exist. 
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Appendix F: Isomorphisms of the Drinfeld's superdoubles of the types (2,2), (4,2) and (2,4) 



Isomorphisms of the Drinfeld's superdoubles of the type (2, 2) 
Vsd\ 2 2) : 



(B, /(!,!)) — + (b,(A m +A)) 

c = 








a 
OO-ffe 



a, 6 € 5ft - {0}; c e 5ft, 



(a.'a,!)) 



(B,(A 1A +A).ij 
C - 



1 c 

a6 

a 

§ 6 



a, 6 £ 5ft- {0}; c <E 5ft. 



Isomorphisms of the Drinfeld's superdoubles of the type (4, 2) 



Vsdf 4 2) : 

((B + Ai,i),J (a>1) ) — + ((B + i4i,i),(B + i4i,i).i) 



c = 



/ 1 e / S \ 

d a -be n > 

c( a n 

— 1 m r s 

6 

\0 00c/ 



ds^O; b, ce5ft-{0}; a, d, e, s G 5ft, 



((B + Ai,i), 7 (2jl) ) — + ((B + (2Ai,i + A)) 



C = 



/ 1 c de \ 

m r f 

a6 

u s n 

a 

\ -§ b ) 



ran — uv 



^ 0; a, be 5ft- {0}; c, d, e, w G 5ft, 



((B + Ai,i),/, 



(2,1), 



((B + A M ),(2A M +A).i) 

, mri — uv ^ Q; a, 6 G 5ft — {0}; c, <i, e, v G 5ft, 





1 


c 


d 


e 





\ 





TO 


r 


D 
















ab 


















s 


n 






















a 

















a 
2 


6 I 
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Vsd* p=0 ■ 



(c^ 0) J (2 ,i))— ►(c^ ,Cl p=0 .i) 



C 



1 


—a 


a(b + c) — d 


c 











e 


—ec 














e 


eb 











-1 


a 


d 


b 




















TO 


s 














r 


n 



ran 



r.s/0; b + c^O; ee$ft-{0}; a,..,seS, 



^4,2) 



pe»-{0}, 



(Cp, J(2,l 



(Ci p ,-f( 2 ,l)) 



C = 





1 


d 


e 


/ 








\ 







_bc 
a 


bcf 
a 



















-be 





















—ad 


a 



























b 




V 














c 





/ 



a, b, ce»-{0}; d,e, /eS, 



'(2,1) . 



(^,cl p .<) 



1 


—e 


^£ -n 


^ - a 





\ 





d 


ad — 6c 














d 


ad 











-1 


e 


n 


a 




















b 




















c J 



b, c, d G 3f — {0}; a, e,ne5R, 



(Ci,/ (2il) ) — ► (Ci,(2i4i,i+A)) 



c* = 





1 


d 


e 


/ 








\ 







a b 

c 


_abf 
c 





















ab 





















—cd 


c 
























a 





















a 
2p 


b 


/ 



a, 6,c G Si- {0}; d,e, / G 31, 



(Cj, I(2,i)) — > (Ci,(2i4i,i+A).i) 





1 


d 


e 


/ 








\ 





ab 

c 


abf 
c 





















ab 





















—cd 


c 
























a 







V 














a 

2p 


b 


/ 



a, 6,c G Si - {0}; d,e, / G Si, 
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H,2) 



(Ci =0 , (2A M + A)) — ► (Ci =0 , (2A M + 



C = 



( 


1 


c 


e 


d 








\ 





a 2 
b 


a 2 d 





















-\ 2 





















-be 


b 
























—a 







\ 














ra 


a 


/ 



, b e K- {0}; c,d,e,n e Sft, 



Vsd\ i2) 



c 



,(2A M + 



V 



-1 


a 


e 


c 














ac( 


d 














-db' 2 














6 2 


cb 2 


























-feci 














& 


-6c 



6, d e K- {0}; a, c, e G 5ft, 



(Cl,/(2,1)) 



c = 



el 


.c 1 










v 2 


p= 


2 y 








1 


a 


d 


c 











b 2 


-6 2 c 














b 2 


6 2 e 











-1 


—a 


— a(e + c) — ei 


e 




















b 


be 

















b(e + c) 



e + c^O; 6e3fJ-{0}; a,c,d,eeS, 



(C|.^,i))-^(ci,^ = _,.«) 



C* = 



/ 


1 


a 


d 


c 











6 2 


-b 2 c 
















-6 2 


b 2 e 













1 


a 


— a(e — c) + d 


e 








V 














b 


be 

















b(e - 



e-c^O; b€S-{0}; a, c, d, e e 3ft, 



c) 



(Ci,/ (2 ,i)) — > (ci.ci.i) 



C 





1 


a 


e 


6 











c 2 


-6c 2 
















c 2 


c 2 d 













-1 


—a 


— a(d + 6) — e 


d 








I 














c 


be 














— c 


cd 



b + d^0; ce3£-{0}; a, 6, d, e e 5ft, 



(Ci,/ (2 ,i)) 



C = 



( 


cl 


C \ .i 




2 


2 




1 


a 





e 2 







-c 2 




1 


a 


V 















e 

-6c 2 
c 2 d 

— a(d — 6) + e 










6c 
cd 



b-d^Q: c£5ft-{0}; a, M, e e 5ft. 
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Isomorphisms of the Drinfeld's superdoubles of the type (2,4) 



Vsd\ 2A) 



+ 2A )o,o, E1 ) - 


-( 


Cg,(jii,i 


+ 2A)» 2 


£2^2) ' 


ei, £2 


= ±1 




/ 1 


d 











o \ 

























£2 










C = 








ei a 2 
e 2 b 




















ei a 
















e 2 










ei a 2 


— eia 


b 







V o 





ei a 
b 


c 





a J 



a, fee 5ft -{0}; c,de5ft, 



(C 2 ,(A 1 , 1 +2A)0 ei ) — , (cl{A 1A +2A)\ 2 k €2 ), e u e 2 = ±l; -1< k < 1 



c = 



( 


1 


d 



















ei a 2 
£2 






















€\ a 2 
e 2 6 






















eia 
£2 

fca 
£2 
















ei a 2 
2fT 


b 





V 








eifca 2 
e 2 b 


C 





a 



\ 



a, fee 5ft -{0}; c, d G 5ft, 



(C 2 ,(A 1 , 1 +2A)« A£1 ) — ► (q 2 ,(A 1 , 1 +2A)2 l E2 ), 6 1 ,6 2 = ±1 



C* = 



1 


d 

















eia 2 
















£2 
















-b 




















a 














£2 















ei a 


ei a 2 





«2 










b 


C 





a 



a, fee 5ft -{0}; c,de5ft, 



(c'i,(Ai,i+2A)0 ci ) — > (eg, (A! 



1 
o 
o 




V o 



£1" 
£2 








+ 2A )?2, fc , 




a 2 





26 
€i fca 2 



ei,e 2 = ±1; k g Sft 







6i a 
^2 
€i fca 
«2 



£ 2 b 



a, fee 5ft -{0}; c,de5ft, 



(c 2 ,(A 1 , 1 +2A)« ()i0 ) — ► (c 2 ,(A 1 , 1 +2A)g jli0 ), e = ±1 



c = 





1 


e 











\ 







— ab 






















—a 






















— c 





-d 










<:b 
2 


c 


6 


d 


V 








a 


h 





9 ) 



hd — gc^0; a, fee 5ft— {0}; c,d,e,g,h e 5ft, 
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(cg,(Ai,i + 2A)° i>0 _ ) — ► (c 2 ,(A M +2A) 2 2ilj0 ), ei , 6 2 = ±1 



c 



/ 


1 


e 














\ 







— a& 
























—a 
























— c 





-d 












eib+£2 a 
2 


c 


b 


d 




V 








a 


/l 





9 


J 



hd — gc^O; a, &G5ft— {0}; c,d,e,g 7 h G 5ft, 



(c 2 , (A M + 2A)° 00 ) — ► (cg,J (1 , 2) ), 6 = ±1 



c = 



/ 


1 


e 














\ 







ab 
























a 
























c 





d 












eb 
2 





b 







V 











h 







J 



hd — gc^Q; a, 6 G 5ft — {0}; c,d,e,g,h G 5ft, 



^ S "(2,4) 



(c l 2 ,(A 1 , 1 +2A)« i()iEi ) — ► (c 1 2 ,(Ai,i+2A) e 1 2i0i62 ), 6i,6 2 = ±l 



c 



1 


c 














\ 





ab 























ab 
d 
















a 


ae 
,2 d , 



















2d 


e 


d 


/ 








-62 f 


62 2d 


b 






a, b, d G 5ft- {0}; c, e G 5ft, 



(c 2 ,(A 1 , 1 +2A)0 0iEi ) (c 2 ,(A 1 , 1 +2A) 2 2i0 _ e2 ), 6 1; 6 2 = ±1 



c 



( 1 

o 





V o 



e 

ab + cd 

























be 


cd 





f 


f 


c 


a 





e 2 bc 


<si/ 2 — <S2C<2 


_a£ 


2/ 


2/ 


c 




ei&+£2 a 
2 


d 



\ 





/ 

b J 



ab + cd^0; f, c G 5ft - {0}; a,b,d,e€ 



(c i 2 > (A 1 , 1 +2A)0 j0ei ) — ► (C 2 = _ 1 ,(A 1 , 1 +2A)0 2i0i0 ), 



61,62 = ±1 



c = 





1 


c 














\ 





—ab 
























ad 
e 


ab 





















§ 

2 l2 


b 


d 














, ad 
" €2 2l 

/ 


qe +£2 afe 

2e 








e 



/ 



a,b,e,f g 5ft - {0}; c,e?G5ft, 



(c 2 ,(A M +2A)0 iOiEi ) — ► (c 2 = _ 1 ,(A 1 , 1 +2A)g Ae2 ), 6i,6 2 = ±l 



c = 



/ 


-1 


c 














\ 







—ab 



























ab 

- £ l2d 


efj 
d 


d 












a 


e 





















d 










V 








a 

€2 2 


£2 f 


b 





/ 



a, 6, d G 5ft- {0}; c, e G 5ft, 
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(C?,(A M +2A)g i0i£1 ) — ► (c^.^i.i +2A)i 2ifc=0e2 ), 



C 



( 



ei,e 2 = ±1 



-1 


c 

















— af> 


























ab 
d 














a 














d 


de 
b 


ab 














eib+€ 2 a 
2 


e 


& 



a, &,d G 3ft - {0}; c, e e 5ft, 



(cimi,i +2A)8,o,«i) (c?=-i.(^i.i + 2A)? 2iS=0 ,_ e2 ), 



±1 



c = 








V o 



ae2(2b — eia) 












a(26 — eia) 
2d 








-e2(2b — eio) 

e(2ft-6 1 a) 
2d 

b 







d 



26-eia^0; a,deS-{0}; &,c,eG5ft, 



(c l 2 ,(A 1 , 1 +2A)0 0e ) — ► (c?,/ (1 , 2) ), 



C = 



/ 1 






V o 



c 

ab 










ab 
d 







±1 




ae 

d 

a 


4 



° \ 







b / 



a, b, d G 5ft- {0}; c, e G 5ft, 



(c l 2 ,(A 1 , 1 +2A)0 0e ) 







-l.J 


(1,2))' 


e = ±1 






/ 


1 


c 



















— ab 






















ae 
d 


a& 
d 



















£ f 


a 


e 


V 











4 





d 








6 












a, &,d G 5ft - {0}; c, e G 5ft, 



"Dsrf 3 p 
usa (2,i) 



pe (-1,1) 

(c p 2 ,(A 1 , 1 +2A)0 ii0j0 ' 



{0} 

C 2 _ p ,(A 1 , 1 +2A)0 2:0i0 ), 



/ 1 








V o 



d 

-ab 










— ab 

c 

o 

e\c 2 +tL2ab 
2c 





ei, £2 



±1 



\ 





a 



o / 



a,b,c G 5ft- {0}; d G 5ft, 



(c|,(A M +2A)° 



61,0,0 I 



C = 



±1 





1 


d 














\ 







ab 
























ab 

c 
























a 


















eic 
2 





c 







V 











2p 





& 


/ 



a,b,c G 5ft- {0}; d G 5ft, 
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(c p 2 ,(A 1 , 1 +2A)« ii(M) ) — ► (c p 2 ,(A 1 , 1 +2A)0 2i£2i£2 ), e u e 2 = ±1 



c 



1 1 

o 





V 



d 

(p+l)ab 
e 2 











(p+l)a 
«2 



eif)+(l+p)a 
2 







(p+l)afc 
2pc 



\ 





a,6,c G %t- {0}; rfe S, 



(Ai,i+2A)0 li0>0 ) — ► (c p 2 ,(A 1 , 1 +2A)J 2ifc e2 ), 



c = 



/ 


1 


d 

















ab 






















a 






















af> 
















2 


c 

— kab 
c(p+l) 


6 





V 








— ka 
P+l 


e 2 ab 
2pc 





c 



1< fc < 1; 



ei, e 2 = ±1 



a,6,c G Sft- {0}; d e SR, 



(C 2 ,(A 1 , 1 +2A)« ) — ► (c 2 ,^ 



c 



/ 1 

o 





V o 



d 

-ab(l+p) 







+ 2j4 )o,i,o 




-a(l +p) 


2 

a 



e = ±1 





ab(l+p) 

ab 

c 





\ 





c / 



a,6,c G 3ft- {0}; del, 



(C 2 , (A M + 2A)° li0i0 ) — ► (c 2 , + 2A) 2 2ilj0 



c 



1 
o 
o 




V o 



d 

-o6(l +p) 










-a(l +p) 


eib+ae 2 (l+p) 
2 
a 



ei, f2 = ±1 







afc(l+p) 
c 
ab 
c 









c 



a,6,c G 5ft- {0}; d G Sft, 



(c 2 , (A M + 2A)0 ii0jO ) — ► (c 2 , + 2A) 2 j1i 



c = 



/ 1 

o 





V 



d 

-ab(l +p) 










-a(l +p) 


2 

a 



ei, f2 = ±1 







ab{l+p) 
c 
ab 

e 2 ab^l+p) 
2pc 



° \ 






c / 



a,b,c G Sft- {0}; dG3ft, 



(C 2 , + 2A)» li0i0 ) — ► (C 2 , + 2A) 



2 

e 2 ,s,-e 2 



€ 5ft; ei, e 2 = ±1 



C = 



( 1 








V o 



a£2(eia — 26) 











ei(e\a — 2b) 

b 

_ s€ 2 (eia— 2b) 
P+l 







c 

_ sc 

p+l 

£2£ 
2p 



Q ae 2 {eia-2b) 

c / 



eia-26^0; a,ceS-{0}; b, d G 5ft, 
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(C* +2A)» 0i0 ) — ► (C p 2 ,7 (li2) ) 



C = 



Cp 2 


' J (l,2)). 


e = 


±1 








/ 


1 (2 














\ 




af> 





















ab 
c 





















a 















ec 
2 





c 





) 


V 














b 



a,b,ce 5ft- {0}; d G 5ft, 



c = 












(C 3 ,(^i,i 


+ 2A)g, e 


•)■ 


€ = ±1 


6 














2cd 

















ac 














e 


c 





/ 





3 


d 


2d 


h 





ad — ee 


— ec 





2ad — e 



f I 



a, c, d G 5ft — {0}; b,e, f,g,h £ $1, 



(c*,(A ltl +2A)l 0i0 ) — ► (cV, 



(1,2), 



c 



/ 


a 


6 














\ 







cd 
























ac 





















e 


c 





/ 














rf 
2 


d 


h 




V 








ati 
2 








ad 


J 



a, c, d G 5ft — {0}; 6, e, f,g,h& 5R, 



(C* + 2A)0 ) — ► + 2A)2, J (1>2) ) 



c 






c(c - 26) 














a 


d 




















e 


b 


c 


9 








/ 


c-b 


c 


h 








a(b — c) 








—ac 








ab 








ac 



c-26^0; a, c G 5ft - {0}; b,d,e,f,g,h 



Vsd\ 2A) : 



(C s ,(Ai,i+2A)° 0il 
/ 



c 



a 





V o 



(c3,(A 1 , 1 +2A)i i0 J, 












±1 



























ac 











d 


c 










d 2 -a 2 c 2 






e 


6 2a2 c 






2 2 , .2 
c +d 

2ac 


a 





a 



o,ceK-{0}; 6,<i, e G 5ft, 



(c 3 , + 2A)° 01 ) — ► (c 3 , (Ai,! + 2A)2 _ £ ) 



±1 



c 



/ 


a 


b 

















2 2 

— ea c 






















— ea 3 c 



















ea 2 d 


—ea 2 c 
















e 


d 2 +a 2 c 2 
2c 


c 


d 


V 








a(a 2 c 2 -d 2 ) 
2c 


ad 





ac 



a,c€»-{0}; e G 5ft, 
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Vsd\ 2A) : 



(c 4 ,(A 1 , 1 +2A)0 ii00 ) 
/ 



c 



(c 4 ,(A 1 , 1 +2A)0 iOie2 ), 6 1; 6 2 = ±1 



1 


b 














\ 





ac 




















a 



















ad 

c 


a 
















2eic 2 — a£2(c+d) 
4c 


«2f 


c 


d 










ae 2 (c+2d) 
4c 







c 


J 



a,ce5R-{0}; b, d G 3?, 



(c 4 , (A M + 2A)0 li0>0 ) — ► (c 4 , (A!,! + 2A)^ j0iE2 ), 6 1; 6 2 = ±1 



c = 



( 


1 


c 





ab 


























{ 













a 

-IT a 

afe2(b+rf) + 2b(ma — eibj a 

46 62 4 

ae 2 (b+2d) < 

46 t2 T 



a,fo£5ft-{0}; c,de5R, 



(c 4 ,(A 1 , 1 +2A)« iA0 ) — ► (c 4 ,(A 1 , 1 +2A)2 At2 ), ei 



c 





1 


c 





ab 


























I 











a 

ad 

ae 2 (b+d) + 2b(na-e 1 b) 
46 

ae 2 (fr+2d) 
46 



1,62 = ±1 



\ 





d 

b ) 



,foe5ft-{0}; c,de$l, 



(c 4 ,(A 1 , 1 +2A)O ii0j0 ) — ► (c 4 ,(A 1 , 1 +2A)2 e2i0 ), ei , e2 = ±l 



c 



1 
o 
o 




V o 



c 

at> 










a 

ad 

ae 2 {b+d) + e 1 b 2 
26 
"62 § 



\ 







a,k£5R-{0}; c,de$ft, 



(c 4 , (A M + 2A)° ) — ► (c 4 , / (1 , 2) ) , 6 = ±1 



c 



/ 


1 


c 











\ 







ab 






















a 



















ad 


a 
















4 





b 


d 


V 

















b J 



a, foe 5ft -{0}; c,den, 



(c 4 , (A M + 2A)O i ) — ► (C p 2 = _ 15 (A M + 2A)J 2 fc £2 ), fc g (-1, 1) - {0}; e u e 2 = ±1 



c = 



( 


1 


c 














\ 







kab 
























a 






























b 












2 





kb 


bd 




V 








d 


—ka 





/<- 
£ 2 2 


/ 



a,6e3f?-{0}; c, d G 5ft, 
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(c 4 ,(A 1 , 1 +2A)« ii(M) ) — ► (C p 2 = _ 1 ,(A 1 , 1 +2A)? 2i£2ie2 ), e 1; 6 2 = ±l 

\ 



c 



( 1 

o 





V o 



c 

€2ab 













-<L20. 








e 2 fe 








b 

bd 



a,6e5R-{0}; c, d £ K, 



(c 4 ,(A M + 2A)° 00 ) — ► (C^_ 1 ,(A 1 , 1 +2A)g ilj0 ), 



c 



/ 


1 


c 



















—ab 






















-b 




























a 










ea 
2 





a 


ad 
S> 


V 








d 


b 









: ±1 
\ 



a,fee5R-{0}; c,de3£, 



(c*,(Ai,i +2A)° li0>() ) — > (c^.^i.i +2A)? 2ili0 ), ei, 



c = 



-1 
o 
o 






c 
-ab 











a 

ad 



±1 



a,&e»-{0}; c,dG3fJ, 



fc 4 ,(Ai,i + 2A)° 



£1,0,0/ 



C = 



[C? = _ 1 ,(Ai,i+2A)g ilie 



/ 1 






V o 



-ab 







±1 







a 

_ ad 
b 



a, be SR -{0}; c,de3fJ, 



(c 4 ,(A 1 , 1 +2A)0 i00 ) 
/ -1 



c 



(Cp=-u (^1,1 + 2A)? 2iSj _ E2 ) , s 6 5R - {0}; 



c 

-2sabe 2 







_ ad 
" £ 2 26 



e 2 (seib - f) 








sa 










2s6e 2 






-26e 2 

b 
d 



\ 



ei,e 2 = ±1 



a,6eK-{0}; c, d <= K, 



(c 5 ,(A 1 , 1 +2A)j] i()iEi ) — ► (c ( i ;,(A 1 , 1 +2A)i i0iE2 ), e 1; e 2 = ±l 
/ 



l 
o 





V o 



-(fe + e 2 ) 











—a 
" e 2 2 







a 

6 

ft S 









-(k + e 2 ) 








f- x {k + e 2 ) 



ae5R-{0}; 6,ce5R, 



2G 



(c 5 ,(A 1 , 1 +2A)0 jOiEi ) — ► (cKAr 



61, e 2 = ±1 



C 



/ 


1 


c 














\ 


































a 


















—a 





















-e 2 2 


6 









V 








-6 









/ 



oe»-{0}; 6,c6S, 



^(2, P 4) : 



p > 

(c p 5 ,(A 1 , 1 +2A)0 i0iEi ) 



(C p 5 ,(A 1 , 1 +2A)l 0ie2 ), 61,62 = ±1 



c = 



( 1 

o 






V 



a 2 (fc-e 2 )-4ah(l+p 2 ) 
ei 












a 

-6 

ae 2 +26 






—a 


ae 2 +2h(l + 2p 2 ) 
2p 











a(fc-e 2 )-46(l+p 2 ) 









a(fc-e 2 )-4b(l+p 2 ) 



a e 3ft- {0}; 6,c G 5ft, 



(q»,(Ai,i +2A)8 Aei ) — > (q»,(Ai,i + 2A)2 0e2 ), ei , 62 



C 



/ i 

o 





V 



a 2 (s-e 2 )-4ai>(l+p 2 ) 
El 









ae 2 +2b 
2p 






—a 


ae 2 +2b(l + 2p 2 ) 
2p 

6 



= ±1 










a ( s _ £2 )_46(l+p 2 ) 
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